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Tables I to V report numerical values of αn(m,r), for the first 5 modes, 0 ≤m ≤ 2 and 0 ≤r ≤ 0.1. The functionalization of an Atomic Force Microscope (AFM) cantilever with a colloidal bead is a widely used technique when the geometry between the probe and the sample must be controlled, particularly in force spectroscopy. But some questions remain: how does a bead glued at the end of a cantilever influence its mechanical response ? And more important for quantitative measurements, can we still determine the stiffness of the AFM probe with traditional techniques?
In this article, the influence of a colloidal mass loading on the eigenmodes shape and resonant frequency is investigated by measuring the thermal noise on rectangular AFM microcantilevers with and without a bead attached at their extremities. The experiments are performed with a home-made ultra-sensitive AFM, based on differential interferometry. The focused beam from the interferometer probes the cantilever at different positions and the spatial shapes of the modes are determined up to the fifth resonance, without external excitation. The results clearly demonstrate that the first eigenmode almost doesn't change by mass loading. However the oscillation behavior of higher resonances present a marked difference: with a particle glued at its extremity, the nodes of the mode are displaced towards the free end of the cantilever. These results are compared to an analytical model taking into account the mass and the inertial moment of the load in an Euler-Bernoulli framework, where the normalization of the eigenmodes is explicitly worked out in order to allow a quantitative prediction of the thermal noise amplitude of each mode. A good agreement between the experimental results and the analytical model is demonstrated, allowing a clean calibration of the probe stiffness.
I. INTRODUCTION
Atomic Force Microscopy (AFM) is currently used in a great variety of studies from various disciplines to measure small forces by measuring the deflection of a microcantilever [1] . In biophysics, for example, it has been applied to the unfolding of proteins [2, 3] , probing the structure of biological membranes [4] , and monitoring the mechanical response of living cells [5, 6] . In nanotechnology as well, micro-scale levers find applications in Micro-Electro-Mechanical Systems (MEMS) and other nanotechnological devices [7] . In material, surface or nano sciences in general, AFM probes appear as a cornerstone for quantitative studies of nanoscale properties [8] .
All those applications exploit the great accuracy in measuring the cantilever deflection offered by AFM and converting this measurement in units of force assuming the cantilever behaves like a spring with known stiffness. Manufacturers often specify the spring constant of their cantilevers in a wide range of values, mainly because of the great uncertainties in the dimensions, particularly the thickness, resulting from the fabrication process. To overcome this problem several techniques have been proposed to calibrate the cantilever spring constant [1, [9] [10] [11] [12] . The reader is referred to the work of Burnham and coworkers [13] and the references therein for a comparative * Ludovic.Bellon@ens-lyon.fr summary of the different techniques.
One of the first and still most commonly used calibration methods is the so-called thermal calibration method based on the measurement of the vibration amplitude of the free end of a cantilever excited by thermal noise [11] . The first peak of the thermal noise spectrum is related back to the spring constant of the cantilever modeled as an harmonic oscillator. In a more accurate model, Butt and Jaschke [14] introduced a correction factor deduced from the Euler-Bernoulli description of the flexural dynamic of a free-clamped beam. In a previous work, we demonstrated that measuring this thermal noise for the first resonant modes of the cantilever provides an excellent benchmark to probe the mechanical response of the cantilever and compare it to a simple mechanical model [15] .
In this article, we extend this method to the case of functionalized AFM cantilevers. Indeed, when the geometry between the probe and the sample must be controlled, it is common to use a colloidal bead fixed at the free end of the lever. The radius of curvature of the "tip" is then controlled and stable, and offers a clean sphere-plane geometry to study interaction at nanometric distances. These modified probes (whether homemade or commercially available) are commonly used in force spectroscopy, in particular for the measurement of the nanorheology of confined fluids [16, 17] or of the Casimir interaction [18] . How does this loaded mass influence the mechanical response of the AFM cantilever? Can the common techniques (thermal noise calibration in particular) to determine the stiffness still be used?
In this work, we measure the thermal noise spectra of the cantilever deflection on its whole surface and compare the rms amplitudes obtained with and without a bead loaded at its free extremity. Furthermore, we compare the results to a simple mass model which modifies only the boundary conditions of the classical rectangular beam theory [19] . A good agreement between experimental data and this analytical model will be demonstrated, showing that thermal noise calibration of the probe stiffness is still perfectly pertinent for such cantilevers.
The paper is organized as follows. Section II describes the theoretical approach, with a special emphasis on eigenmodes normalization to allow the prediction of thermal noise amplitude of each mode. Section III details the experimental results in the light of this model, for two cantilevers probing various mass ratios between the cantilever and the colloidal bead. A discussion and conclusions are given in section IV, with a specific focus on how our conclusions can be applied to the classic angular deflection measurement technique.
II. ANALYTICAL DESCRIPTION OF THERMAL NOISE A. Flexural eigenmodes of a clamped cantilever
In the Euler-Bernoulli framework to describe the micrometer-sized mechanical beam, we assume that the cantilever length L is much larger than its width W , which itself is much larger than its thickness T (see figure  1 ). The flexural modes of the cantilever are supposed to be only perpendicular to its length and uniform across its width. The deformations can thus be described by the deflection Z(x, t), with t the time, and x the spatial coordinate along the beam normalized to its length L. The bead is supposed to be non deformable, and thus described as a rigid mass m b at the free end of the cantilever. It may be offset from the neutral axis, and carrying a non negligible inertia: these effects are taken into account with an inertial moment m b r 2 g , r g being the equivalent gyration radius computed at the free end of the cantilever. For a sphere or radius r, r g is equal to 7/5 r. We neglect in our analysis any offset along the cantilever axis, and any coupling with torsion: precise gluing of the bead should make those effects negligible in first approximation. In order to reach a simple analytical solution, we also neglect the actual triangular shape of the cantilever at its free end: we will consider that the lever has an effective length smaller that its total length to approximate the real geometry. This last approximation will prove to be reasonable to describe our measurements. Figure 1 sketches the experiment and the applied model. Following [19] , we will include the effect of the bead in the boundary conditions of the cantilever dynamics.
The equation of motion for the cantilever, once the The cantilever (length L, width W , thickness H) is modeled in the Euler-Bernoulli framework by its neutral axis subject to a deflection Z(x, t). The bead glued at its free end is modeled as a point mass m b located at the extremity. rg is the equivalent gyration radius of bead and accounts for the inertia in rotation of the bead at the cantilever end. In the experiment, the deflection can be measured at any position x and y (along and transverse to the cantilever axis) with a very low noise differential interferometer [15, 21, 22] , sensing the optical path difference between the two laser beams represented on the figure.
variables in time and space are separated, can be written
with k the static stiffness of the cantilever, m c its mass, Z(x, t) = z(x)e iωt the deflection, and ω the pulsation. This equation can be rewritten as
where (n) is the spatial derivative of order n, and α is given by the dispersion relation:
The generic solution to this equation is
The boundary conditions in x = 0 corresponds to a clamped end, implying z(0) = 0 and z (1) (0) = 0, hence
For x = 1, corresponding to the free end of the cantilever where the bead is glued, the conditions on the force and torque are linked to the inertia in translation and rotation of the bead [19] :
wherem = m b /m c is the mass of the bead m b normalized to that of the cantilever m c , andr = r g /L is the gyration radius of the bead r g normalized to the cantilever length L. Expressing those boundary conditions with expression 5 leads to
The values of α allowing this equality are quantified, and correspond to the spatial eigenvalues α n (m,r) of the resonant modes of the cantilever. They can be numerically computed. Form = 0 (no bead), the last equation simplifies to the usual condition 1+cos α cosh α = 0, leading to the common tabulated eigenvalues of a clampedfree Euler-Bernoulli mechanical beam. The α n (m,r) values are reported for the first five modes, for 0 ≤m ≤ 2 and 0 ≤r ≤ 0.1, in tables I toV in the supplementary data. The corresponding shapes of the eigenmodes are plotted in figure 2 .
The length of the cantilever L, used in the normalization of x and thus impacting the spatial eigenvalues α n , is sometimes experimentally ill-defined due to the triangular shape of the cantilever end. The direct comparison of the experimental values of α n with the theoretical ones is thus hampered by this incertitude. However, their ratio is exempted from this bias, and can be used to check analytical predictions. In appendix A, we plot such ratios, useful to extract the values ofm andr from the experimental observations.
B. Orthogonality relations and normalization
The eigenmodes z n (x) are given by equation 5, with a dependence of the three parameters a, R and α on mode number n and onm andr (the dependence inm andr will be implicit in our notations):
= a n cos(α n x) − cosh(α n x) However, if we only consider this expression, then the orthogonality between two modes z n and z m does not hold: it is easy to show that for n = m,
We therefore define the normal modes by
where δ(x−1) and δ(x−1+ǫ) are the Dirac distributions centered on x = 1 and 1 − ǫ, ǫ being an arbitrarily small quantity only ensuring that there is no overlap between the z n (1) and z
n (1) terms. With such definition, it is straightforward to prove the orthogonality of the φ n basis. Moreover, as φ n (x) = z n (x) for any x ∈ [0, 1 − ǫ[, φ n (x) thus obeys the initial differential equation 2 and the boundary conditions in the limit x = 0 and x → 1 (in the limit ǫ → 0). Eventually, the normalization of φ n is easily obtained by imposing
where ζ n (x) is defined in equation 10. This last equation thus imposes the values of a n to construct the orthonormal basis φ n . The result of this process is illustrated in figure 2 for a few values ofm andr. Let us now give an energetic meaning to the Dirac term, in the caser = 0. We first compute the kinetic energy of a mode φ n with amplitude A: Z(x, t) = Aφ n (x) cos ω n t. The speed of a mass element m c dx is −Aφ n (x)ω n sin ω n t, the total kinetic energy is thus
This is the kinetic energy of a harmonic oscillator of mass m c , resonant pulsation ω n and amplitude A. Notice that the amplitude of this oscillator is different from the deflection at the free end of the cantilever:
. We may also rewrite the integral on φ 2 n (x) in equation 17 using equation 15:
We easily identify here the sum of two terms: the kinetic energy of the mode n of the cantilever itself subject to a sinusoidal motion with an amplitude A c at its free end, and the kinetic energy of a point mass m b subject to a sinusoidal motion with the same amplitude A c . The additional Dirac term in φ n thus takes into account the bead motion in the total energy of the equivalent harmonic oscillator. The amplitude of the latter is not equal to the amplitude at the free end of the cantilever (which is also the case without the added mass since |φ n (x = 1)| = 2 form = 0). In the case wherer = 0, we can extend this energetic approach to include the kinetic energy due to the rotation of the bead, and retrieve the normalization of the modes. A similar approach has been used by Oguamanam [19] to ensure the orthonormalization of the normal modes in a more general framework including the coupling of flexural and torsional modes.
C. Thermal noise amplitude of resonant modes
We compute the thermal noise of each resonant mode following [14, 20] : let us project the thermal noise driven deflection on the orthonormal basis φ n (x):
Under the hypothesis of uncoupled modes, we have for each degree of freedom
where k B is Boltzmann's constant, T the temperature of the cantilever, and k n the stiffness of the mode defined by:
The mean quadratic deflection measured in x should thus be
In figure 3 , we plot the expected rms thermal noise at 300 K along a cantilever of static stiffness k = 0.1 N/m for the first five eigenmodes, for a few values ofm and r. Note that the normalization of the φ n basis is a crucial step to apply the energy equipartition theorem in a quantitative manner to this analysis. Our approach also allows us to estimate the repartition of energy between the different modes. For example, if we perform the measurement at the free end of the cantilever (x = 1), the first mode accounts for η 1 (x = 1,m = 0,r = 0) = 97% of the total thermal fluctuations form =r = 0, and η 1 (x = 1,m = 1,r = 0) = 99.8% form = 1 andr = 0. In figure 4 , we plot the contribution of each mode to the mean quadratic deflection measured at its extremity whenm changes (forr = 0) : the larger the mass, the stronger is the contribution of the first mode. Manufacturer specifications of our two samples (A and B) are given in table I. Both present a "rectangular" geometry, close to the model used in our analytical approach. However, the triangular end (see figure 5) departs from the model, and impedes a proper definition of their length L. We measure the deflection solely driven by thermal noise over the surface of these two different commercial cantilevers, first when they are still bare, then again after a glass bead has been glued at their free end with a two-part epoxy adhesive (Araldite). The bead of cantilever A is a fused borosilicate glass microsphere from Potters (Sphericel 110P8), whereas the bead B is a borosilicate sphere from Cospheric (BSGMS 45-53m). The radius r of the bead is reported in table I for each sample.
III. EXPERIMENTAL METHODOLOGY AND RESULTS

A. Experiment description
As already mentioned, due to the manufacturing process, the uncertainty in the thickness of the lever is large, resulting in a large uncertainty in the computation of its mass. The case is even worse for cantilever B, where the gold coating can change significantly the total mass due to the high density of gold. In addition, the quantity of glue cannot be measured precisely from the images of the cantilever. The geometric calculation ofm can thus only give a rough estimation of the actual value. We estimatem A ≈ 0.1 (range 0.04 − 0.3) for cantilever A,
tainty of the cantilever geometry, but still suffers from the uncontrolled repartition of the glue. We estimatẽ r A = 0.02 ± 0.01 for cantilever A, andr B = 0.06 ± 0.02 for cantilever B. However, as demonstrated by Allen and collaborators [23] , the tip of the bare cantilever A itself may have a non-negligible effect. We can geometrically estimatem Atip ≈ 0.04 andr Atip ≈ 0.02 for a 17 µm tall pyramidal tip.
The measurement is performed with a home-made interferometric deflection sensor [15] , inspired by the original design of Schonenberger [21] with a quadrature phase detection technique [22] : the interference between the reference laser beam reflecting on the chip of the cantilever and the sensing beam on the cantilever gives a direct measurement of the deflection with very high accuracy (see figure 1 ). This technique offers a very low intrinsic noise (down to 10 −14 m/ √ Hz). It is intrinsically calibrated as it measures directly the deflection against the wavelength of the laser beam, contrary to the standard optical lever technique that actually measures an angular deflection. Lastly, the focused beam size resolution is tuned to as small as 10 µm to ensure a good spatial resolution.
We apply the methodology of Paolino and coworkers [15] : at every position x and y on a 5 µm × 5 µm grid, we measure the deflection z(x, y, t) produced by the sole thermal excitation of the cantilever and we evaluate the power spectrum density (PSD) S z (x, y, f ) on a 20 s signal sampled at 2 MHz. For a quantitative characterization of the shape of the modes, the mean squared amplitude of each resonance A 2 n (x, y) is determined as a function of positions x and y by integrating the PSD in a convenient frequency interval 2∆f around each resonance frequency f n :
This quantity is computed directly from the experimental spectra, without any fitting process. We take care to subtract the background noise contribution of the interferometer, and we also compensate for finite integration range in frequency [15] . The complete set of results for cantilever A is reported in figure 6 , where the rms amplitude A 2 n (x, y) is represented with a color coded scale. The first three vibration modes can be clearly seen with their respective number of nodes. A weak component in torsion can be seen for the third mode with the bead, certainly because it has not been glued perfectly on the axis. However, in the following, we will neglect this effect and focus on the flexural modes along the x axis. Therefore, at each position x, the median A 2 n (x) along the y axis of A 2 n (x, y) is calculated. Due to the higher reflectivity of gold-coated cantilever B, the background noise is lower and we accurately measure the thermal noise up to the fifth resonant mode for this last sample.
B. Results and discussion
Resonant frequency ratios
In a first attempt to estimate the added mass parametersm andr, which must be known for proper normalization of the normal modes (value of a n ), let us first focus on the ratio between the resonant frequency f n of the successive modes. Indeed, equation 23 translates into:
The resonant frequencies of each mode are easily found by a simple harmonic oscillator fit of each resonant peak in the thermal noise spectrum. We report in table II the square root of the frequencies of the first 3 modes of cantilever A and the first 5 modes of cantilever B, normalized to the frequency of the mode 1. We can then compare those measurements to the output of the analytical model (figure 11), and try to estimate the values ofm andr for our samples. For cantilever A without the bead, the presence of the tip can be detected on the measured modes, and leads to the estimationm Atip = 0.057 ± 0.010 andr Atip = 0.03 ± 0.02 (the standard deviations correspond to a 0.2 % max distance between the analytical model and measured frequency ratio on the 3 modes), close to the values expected from the geometrical analysis. Adding the bead changes those values tom A = 0.336 ± 0.008 andr A = 0.029 ± 0.005 (same criterium for error bars).
For bare cantilever B, the ratios of frequencies between modes cannot be explained by our model : the triangular shape of the end of the cantilever alters the results corresponding to a rectangular one. If, however, we look at the data for the loaded cantilever, we have a reasonable agreement form B = 1.18 ± 0.09 andr B = 0.070 ± 0.006 (the standard deviations correspond to a 2 % max distance between the analytical model and measured frequency ratio on the 5 modes), again in line with the geometrical analysis.
Resonant frequency shifts -a naive attempt
Another way to determine them andr parameters is to analyze the resonant frequency shifts due to the loading, in an approach similar to the Cleveland method [24] . In a naive attempt, we suppose that the process of gluing a bead to the cantilever free-end should have a limited effect on its stiffness and proper mass, thus we can relate the frequencies with (f w n ) and without (f wo n ) the mass to the spatial eigenvalues with (α n (m,r)) and without (α n (0, 0)) through equation 23:
The resonant frequencies of each mode are easily found by a simple harmonic oscillator fit of each resonant peak of the thermal noise spectrum. We can then compare those measurements to the output of the analytical model, and try to estimate the values ofm andr for our samples. As shown in figure 10 , the first mode is almost independent of the value ofr, and should thus reliably be used to measurem. This measurement is equivalent to the method of the added mass proposed by Cleveland [24] . We find, with this protocol,m = 0.210 ± 0.005 for cantilever A, andm = 1.065 ± 0.010 for cantilever B.
This estimation ofm is hardly compatible with the expectation of the higher order modes for cantilever A, which would rather bem = 0.10 ± 0.01 (mode 2) or m = 0.055 ± 0.010 (mode 3), even considering the effect ofr. As for cantilever B, the estimation could be compatible with higher order modes, but for both cantilevers the value ofm is clearly underestimated with respect to the previous measurement through the frequency ratios between successive modes of the loaded cantilever.
Resonant frequency shifts -refined analysis
Two naive hypotheses are responsible for the shortcomings of the previous analysis of the frequency shifts upon loading: it first relies on the assumption that the effective length of the loaded cantilever is unchanged. It then assumes that the behavior of the cantilever without the load is that of an ideal bare rectangular cantilever Let us first consider the effect of a possible modification of the effective length L of the cantilever upon gluing a bead close to its free end. Indeed, this process may rigidify the end portion of the cantilever, thus shortening its effective length by the rigid part. Alternatively, the inertia of a large mass not fixed exactly at the free end, by bringing the nodes of the higher order modes closer to the position of the bead than to the free end, can also lead to a shortening of the effective length of the loaded cantilever. In order to evidence the dependence of the eigenvalue α n in the cantilever's length L, equation 3 can be expressed as:
where E is the cantilever's Young modulus, I its second moment of inertia, and µ its mass per unit length. As E, I and µ do not depend either on the cantilever's length or on the gluing of a bead, equation 28 should in fact be written
where the superscript w (respectively wo ) designates a quantity with (respectively without) the load. Assuming α wo n is known, the parametersm andr for the loaded cantilever can be deduced by comparing the α Frequency ratio between modes and frequency shift upon gluing of the bead. The square root of these ratios should be equal to the ratio of the corresponding spatial eigenvalues αn(m,r) (with a correcting factor L w /L wo for the frequency shift, that we suppose equal to 0.98 here). Using estimated values ofm andr for each measurement set (bare and loaded cantilevers A and B), we get a good overall agreement for every mode, especially for sample A. The model reaches its limitation for the higher modes of cantilever B, whose triangular shaped end is not taken into account.
obtained from equation 30 to the tabulated values given in appendix A [26] . Let us stress that if the resonant frequencies are measured with a very good accuracy, the effective length ratio is not known a priori. A small error in the effective length ratio leads only to the same relative error on the value of α w n . But since α n (m,r) varies only slowly withm (see appendix A), it can result in a much larger error onm and thus on the normalization of the normal modes (parameter a n ). In section III B 5, we estimate that the gluing of a bead reduces the effective length of cantilevers A and B by 10 µm, resulting in a 2% shortening. We thus use this 2% correction in table II to compare the relative frequency shifts to the spatial eigenvalues ratios.
When analyzing the frequency ratios with and without a bead, it is also very important to use the right α wo n value for the cantilever without the bead. We have seen with the naive approach that ignoring this initial loading for cantilever A leads to inconsistent values between modes, underestimating the true loading. However, if α n (m Atip ,r Atip ) (withm Atip = 0.057 andr Atip = 0.03 as determined in the first section) is used as the unloaded reference value instead of α n (0, 0), one obtains m A = 0.37 ± 0.04 andr A = 0.031 ± 0.018 with the first three modes, in much better agreement with the previous estimation.
The behavior of the tipless cantilever B also deviates from the one of a bare rectangular cantilever because of its triangular end. However, since the frequency ratios between the modes of the unloaded cantilever B do not yield any consistent set ofm andr values (see figure 11) , we choose to takem Btip =r Btip = 0 for the bare cantilever B. We thus compare the square root of the frequency ratio (corrected by the length ratio) with the α n (m,r)/α n (0, 0) ratio displayed on figure 10 for the first five modes of cantilever B. As shown in figure 10 , the first mode is almost independent of the value ofr, and can thus be used to measurem alone; we obtaiñ m B = 1.17 ± 0.04 for mode 1. The higher order modes are compatible with the estimation ofm B = 1.17 and can be used to guess the value ofr B . Using figure 10 , we measurer B = 0.068 (mode 2),r B = 0.057 (mode 3), r B = 0.046 (mode 4) andr B = 0.030 (mode 5). The dispersion of results is quite large forr B , and points to the limitations of the model with respect to the actual cantilever shape. A simultaneous least squares minimization of the distance between the analytical model and measured frequency shifts on the 5 modes leads to :m B = 1.19 ± 0.13 andr B = 0.051 ± 0.006 (standard deviation corresponding to a 3.5 % max distance).
As a summary, we have two ways to estimate the normalized added mass and equivalent gyration radius from the measurement of the resonant frequencies of the loaded and unloaded cantilever: the frequency ratio between modes in one measurement, and the frequency shifts due to the addition of the bead. Provided the initial tip and effective length shortening are taken into account, both methods agree reasonably, though the dispersion onr is quite large. In the following we will retain the values :
• Unloaded cantilever A:m Atip = 0.057,r Atip = 0.03.
• Loaded cantilever A:m A = 0.35,r A = 0.03.
• Unloaded cantilever B:m Btip = 0,r Btip = 0.
• Loaded cantilever B:m B = 1.18,r B = 0.06.
Eventually, using those estimations ofm andr, we can compute the values of the eigenvalues α n (m,r) from the model, and compare them with the frequency shifts due to the bead. As one can read in table II, the agreement is quite good, with an overall agreement better than 1% for cantilever A, and 3% for cantilever B (except for the highest order modes of cantilever B, where the limitations of the model appear more severely).
Spatial modes shapes
Figures 7 and 8 display the rms amplitude
A 2 n (x) of the first three resonant modes of cantilever A and the first five modes of cantilever B respectively, with (red circles) and without (blue crosses) the bead loading their ends. It is worth mentioning that the maximum of the last mode is only a few pm high, demonstrating the high resolution of our instrument. The behavior of the experimental data is clearly in line with the model illustrated in figure 3 : the effect of the bead is almost negligible on the first longitudinal mode, and the nodes of higher order modes are shifted towards the free end of the cantilever.
In a first step to fit the data, we use independent fits for all modes. The fitting function is equivalent to equation 5. This generic function should be suitable for any cantilever clamped at its origin, whatever boundary conditions are applied at its other end. Note that x is now not normalized to the length L of the cantilever. We therefore use the following fitting function for A 2 n (x) :
withā,R,ᾱ/L andx 0 the 4 fitting parameters. As can be seen in figures 7 and 8, the result of this procedure is excellent, the model closely matching the experimental data. The interesting output of the fit is the spatial eigenvalueᾱ n /L of each mode, however sinceL is not known precisely, only relatives values ofᾱ n can be compared to the theory. We choose to normalize the values ofᾱ n to the third mode: the presence of 2 nodes and the "high" amplitude constrain the fit to provide trustable values forᾱ 3 . The result of this procedure is displayed in tables III. The agreement with the theoretical ratios is good for higher order modes, within a few percent. Mode 1 stands apart with a higher deviation: since no nodes are present, the fit is poorly constrained and the value ofᾱ 1 is not trustable.
Stiffness determination
If the generic independent fits are interesting to compare the eigenvalues and the shape of the eigenmodes with the theory, it is not possible to compare the amplitude of the modes to the expectation from thermal noise excitation. Indeed, the normalization of the mode depends on the boundary conditions (kinetic energy of the bead), and cannot be guessed a priori. To go further, we therefore perform a simultaneous fit of all modes, imposing the values of α n [15] . The fitting function for A 2 n (x) is now
where φ n (x,m,r) is the normal mode defined and normalized in section II B (we write here explicitly the dependence inm andr to underline that those φ n depend on the presence of the bead). The fitting parameters arē k,L andx 0 , the values ofm andr are set to the estimation of section III B 3.
We shall thus perform a single simultaneous fit of all modes with those 3 free parameters on each cantilever, bare or loaded with a bead. We tried several weighting of the modes to compensate the decreasing amplitude of higher order modes driven by thermal noise: the function ǫ j to minimize during the fit is defined as
where j is a weighting parameter: j = 0 corresponds to natural weighting (mode 1 dominant), and increasing j weights more and more the higher order modes ("flat" weights for j = 8). We estimate the best fitting parametersk,L andx 0 for j = 0 to 12, to test the robustness of the simultaneous fitting procedure. The dashed lines in figures 7 and 8 represent the result of this fitting process. Though not as perfect as independent fits, the results are in good agreement for all modes of each cantilever, with and without the bead.
For the bare cantilever A, the best fit values arek = (0.321 ± 0.008) N/m andL = (497 ± 1) µm. The uncertainties correspond to the standard deviation in the full range of weighting parameter j, their low values demonstrating the robustness of the fit. For the loaded cantilever A, the best fit values arek = (0.339 ± 0.010) N/m andL = (485 ± 7) µm. The stiffness of the cantilever experiences a small increase (6%) after the gluing of the bead. This is not surprising since the glue increases the rigidity of the end of the cantilever, shortening its effective length by about 10 µm according to the fit. This 2% decrease in length translates into a 6% rise of the stiffness (k scales as 1/L 3 ), in agreement with our estimation. For the bare cantilever B, the best fit values arē k = (0.151 ± 0.002) N/m andL = (463 ± 4) µm. Again, the dispersion of estimated parameters is very low, hint- ing at the robustness of the model and fitting procedure. The value ofL is quite small with respect to the manufacturer specifications, however this effective length takes into account the triangular end of the cantilever. For the loaded cantilever B the best fit values arē k = (0.169 ± 0.010) N/m andL = (448 ± 5) µm. Again, this 12% increase of the static spring constant goes in the expected direction, and is coherent with a reduction of the effective length of the cantilever by 15 µm (which should translate into a 10% increase in k).
IV. CONCLUSION
Our work demonstrates that even a glued bead as large as 10% of the length of a soft cantilever (k ∼ 0.1 N/m) modifies only slightly its first flexural mode and its static stiffness. A simultaneous fit of the thermal modes lead to a small decrease in the effective length and a small increase in the effective static stiffness of a cantilever upon gluing the bead. However, since these variations respect the 1/L 3 scaling of k, the stiffness at the geometrical free end of the cantilever appears to be the same with and without a bead loading. Thus, the classic method to determine the spring constant by measuring the thermal spectrum of the first flexural mode at the free end of the cantilever can still be used even if the microlever is functionalized. In fact, we have shown that the thermal calibration based on the first mode only gets even closer to the static stiffness when the size of the bead increases, since the first mode gathers a higher fraction of the thermal energy at the free end. We have also shown that the mass model considering the load as a modification of the boundary conditions at the free end of a beam is a good approximation and fits well with all our results. On the way, we have introduced a proper normalization method of the resonant modes, an unavoidable step to compute the thermal noise amplitude of each mode. Once the stiffness of the colloidal probe is determined through the classic thermal noise calibration, one will make sure to take into account other corrections due to the tip geometry, as demonstrated by Edwards and coauthors [25] .
One of the main difficulties in testing the models is to estimate correctly the mass and gyration radius of the glued bead. We have seen that it can be important to consider the initial loading due to the AFM tip and the effective length shortening in order to get consistent results: an error of 30% onm could have been made by only considering the frequency shift due to the bead, if one refers to a tipless cantilever. The ratio between resonant frequencies of a cantilever offers an interesting way to estimate the load properties (without any prior knowledge about the cantilever, like its unloaded properties), by comparison to tabulated values of α n (m,r). We provide a set of such values in appendix A, for the first 5 modes, 0 ≤m ≤ 2 and 0 ≤r ≤ 0.1 As a final remark, let us study how our findings apply to the common AFM detection scheme. Indeed, our differential interferometer allows us to measure the actual deflection in any point of the cantilever, whereas most AFMs use an optical angular deflection measurement. The latter technique needs to be calibrated to infer from the 4 quadrant photodiode output the true deflection of the probe. This step is usually done by a rigid contact between the probe and a hard surface, the calibrated displacement of the sample providing a benchmark to measure the sensitivity (in nm/V). This sensitivity is thus valid for a static deformation only, and a mode dependent correction factor must be applied to estimate the actual deflection of a resonant mode [1] . This multiplicative factor is 0.817 when one wants to use the thermal noise measurement of the first mode to calibrate the spring constant of a classic cantilever. In the current framework, we can easily compute how this correction factor depends on the normalized bead massm by comparing the slope of the first eigenmode to that of a static deflection with the same deflection at its free end. We plot the result in figure 9 (computed withr = 0): the correction rapidly vanishes asm increases. Indeed, we have seen that the effect of the added mass is to decrease the eigenvalue α 1 (see figure 10 ), thus equation 2 tends to z (4) fect of the added mass is thus twice beneficial for the angular measurement: both the sensitivity of the sensor tends to be more accurate (figure 9), and the first mode gathers most of the thermal noise at the cantilever free end (figure 4). More generally, an accurate coefficient can be extracted from our analysis for anym, and applied to the thermal noise calibration of AFM colloidal probes in any commercial device [27] . The first mode is weakly impacted by the bead. Whenm increases, the amplitude of the higher order modes vanish close to the free end, and the thermal energy is reported towards the antinodes, the amplitude of which raises. . The values of these ratios for cantilevers A and B, estimated by the frequency shift due to the addition of the bead and supposing an effective length decrease of 2%, are plotted as a labelled horizontal line. Mode 1 is almost independent in the value ofr, and can thus be used to estimatem. This curve is very close to the prediction given in the Cleveland method [24] . 
